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DISCRETE KNOT ENERGIES
SEBASTIAN SCHOLTES
Abstract. The present chapter gives an overview on results for discrete knot energies. These
discrete energies are designed to make swift numerical computations and thus open the field to
computational methods. Additionally, they provide an independent, geometrically pleasing and
consistent discrete model that behaves similarly to the original model. We will focus on Möbius
energy, integral Menger curvature and thickness.
1. Introduction
In classic knot theory, mathematicians are often interested in knot classes and how to dis-
tinguish between them, for example via knot invariants. Contrary to this approach, geometric
knot theory deals with the specific shape of knots and how to find or compute particularly nice
representatives of a given knot class. The exact meaning of nice depends on the context and can
vary from applied (see the section on thickness) to theoretical considerations (see the section on
integral Menger curvature). To capture the “quality ” of a knot, Fukuhara introduced the concept
of a knot energy (see [Fuk88]). An optimal representative is then said to be a minimizer of this
energy among all curves of a given knot class. Later on, this approach was further developed by
other authors (see [Sim96, BS97, Sul02]) and by now, a functional on the space of knotted curves
that is bounded from below and gets infinite as curves approach a self intersection is called a
knot energy (see [O’H03]). This definition already includes some helpful ingredients to show that,
indeed, minimizers of the energy exist. The Möbius energy
E(γ) :=
∫
SL
∫
SL
(
1
|γ(t)− γ(s)|2
−
1
dSL(t, s)
2
)
ds dt,
for arc length curves γ, is a particular example of such an energy (see [O’H91]). In this chapter,
we additionally consider integral Menger curvature and thickness. Each of these three energies is
connected to curvature. For an overview of regularizing and knot theoretic properties of different
curvature energies see [SSvdM13, SvdM13, SvdM14, BR14a, BR14b].
One way to think about knot invariants vs. knot energies is that the first one gives rough
information about the shape of the knot, for example, by restricting the knot to belong to a
certain knot class, while the energy resolves the finer details. For instance, an energy bound can
in turn give bounds on the curvature, bi-Lipschitz constant, average crossing number or stick
number.
The explicit shape of energy minimizing knots is only known in case of the unknot. For
most energies, the energy optimal unknot is proven or expected to be the round circle (see
[ACF+03]). Therefore, it is important to know how to make the energies accessible to computers
and approximate such minimizers. One approach is to investigate so-called discrete knot energies,
that is energies which are defined on polygonal knots. Here, the goal is to minimize these discrete
energies in the class of polygonal knots of a fixed knot class and fixed number of vertices and
then prove that these minimizers converge to the minimizer of a “smooth” knot energy within the
same knot class. When trying to find such a discrete energy, the most obvious approach would
be to restrict the original energy to the space of polygonal knots. However, such an approach
does not work, as polygons have infinite energy. This is related to the fact that all three energies
are regularising, i.e. curves of finite energy are more regular than the curves for which the energy
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is well-defined. By borrowing appropriate concepts of curvature from discrete geometry and
replacing smooth notions by discrete ones (for example integrals by sums), it is possible to define
discrete energies in the same spirit as the original energies. Hence, these energies are not merely
discretisations but discrete versions of the original energy. A suitable convergence of energies,
which to some extent already includes the convergence of minimizers, is Γ-convergence. For other
modes of convergence see the Chapter Variational Convergence.
For each of the three energies, there is a section in which we first consider the history of the
energies and comment on recent developments. Then we introduce the appropriate discrete ener-
gies and explain the connections to the original energies. For the sake of clarity, we present most
results for curves of length 1. In the appendix, we give a short introduction to Γ-convergence.
1.1. Notation. In the following sections, C is the space of closed arc length curves with length
1 and Pn the subspace of equilateral polygons with n segments. Furthermore, we abbreviate
Ck,p := C ∩ (C
k∪
⋃
n∈N Pn), where C
k is the class of k times continuously differentiable functions.
We write Ck,α for the class of functions in Ck whose derivatives are Hölder continuous with
exponent α and Lq for the Lebesgue spaces of q-integrable functions. By W k,q we denote the
standard Sobolev spaces of k-times weakly differentiable closed curves with q-integrable weak
derivative. Adding a knot class K in brackets to a set of curves restricts this set to the subset of
curves that belong to the knot class K. The circle of length L > 0 is denoted by SL.
2. Möbius Energy
The Möbius energy
E(γ) :=
∫
SL
∫
SL
(
1
|γ(t)− γ(s)|2
−
1
dSL(t, s)
2
)
ds dt,
is defined on closed rectifiable arc length curves γ of length L. Here, dSL is the intrinsic metric
on SL. This energy was introduced by O’Hara (see [O’H91]) and has the interesting property
that it is invariant under Möbius transformations, hence its name. O’Hara could show that
finite energy prevents the curve from having self intersections. Later on, the existence of energy
minimizers in prime knot classes was proven by Freedman, He and Wang (see [FHW94]), while
there is a folklore conjecture, usually attributed to Kusner and Sullivan, questioning the existence
in composite knot classes based on computer experiments (see [KS97]). Additionally, it was
shown that the unique absolute minimizer is the round circle (see [FHW94]). Similar uniqueness
results are known for broader classes of energies (see [ACF+03]). The regularity of minimizers
and, more generally, of critical points was investigated and smoothness could be proven (see
[FHW94, He00, Rei09, Rei10, BRS15]). Furthermore, it was shown that the Möbius energy of
a curve is finite if and only if the curve is simple and the arc length parametrisation belongs to
the fractional Sobolev space W 3/2,2 (see [Bla12a]). The gradient flow of the Möbius energy was
investigated (see [Bla12b, Bla16b]) and results for the larger class of O’Hara’s knot energies (see
[O’H92b, O’H92a, O’H94]) are available (see [BR08, Rei12, BR13, Bla16a]).
A discrete version of the Möbius energy, called minimum distance energy, was introduced by
Simon (see [Sim94a]). If p is a polygon with n consecutive segments Xi this energy is defined by
Emd,n(p) := Umd,n(p)− Umd,n(gn) with Umd,n(p) :=
n∑
i=1
n∑
j=1
Xi,Xj not adjacent
|Xi||Xj |
dist(Xi,Xj)2
,
(1)
where gn is the regular n-gon. Note, that this energy is scale invariant. Similar energy functionals
for polygons were considered previously (see [Fuk88, BS93]). There is also a variant of the Möbius
energy for graphs (see [Kar06]) and for curves with self intersections (see [Dun11]). It is know
that the minimum distance energy is Lipschitz continuous on sublevel sets:
Theorem 1 (Minimum distance energy is Lipschitz continuous, [Sim94b]).
The minimum distance energy Emd,n is continuous on the space of nonsingular polygons with n
segments. Moreover, it is Lipschitz continuous on the subspace of polygons of length at least ℓ,
whose energy is bounded by a constant E.
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Furthermore, the existence of minimizers for every tame knot class was established:
Theorem 2 (Existence of discrete minimizers for Emd,n, [Sim94b]).
For every tame knot class K there is a minimizer of Emd,n in the set of all polygons with n vertices
that belong to K.
For this energy, approximation results for suitably inscribed polygons could be shown:
Theorem 3 (Explicit energy bound and convergence for inscribed polygons, [RS06]).
Let γ ∈ C ∩ C2 and let pn be inscribed polygons that divide γ in n arcs of length
1
n . Then
|E(γ)− Emd,n(pn)| ≤
C(γ)
n
1
4
.
If n is large enough, the constant C(γ) can be chosen as
C(γ) =
290
∆[γ]
1
4
,
where ∆[γ] is the thickness of γ (see Section 4). Hence,
Emd,n(pn)→ E(γ).
Furthermore, an explicit error bound on the difference between the minimum distance energy
of an equilateral polygonal knot and the Möbius energy of a smooth knot, appropriately inscribed
in the polygonal knot, could be established in terms of thickness and the number of segments:
Theorem 4 (Explicit energy bound for inscribed smooth knots, [RW10]).
Let p be an equilateral polygon of length 1. Then there is an “inscribed” C2 knot γp such that
|Emd,n(p)− E(γp)| ≤
C1(p)
n
1
4
+
C2(p)
n
+
C3(p)
n
5
4
+
C4(p)
n
7
4
+
C5(p)
n2
and the constants Ci(p) depend in an explicit way on negative powers of ∆n[p].
However, from these results it is not possible to infer that the minimal minimum distance
energy converges to the minimal Möbius energy in a fixed knot class. For the overall minimizers
of the minimum distance energy the following result is known:
Theorem 5 (Minimizers of the minimum distance energy, [Tam06, Spe07, Spe08]).
The minimizers of the minimum distance energy Emd,n are convex and for n ∈ {4, 5} these
minimizers are the regular n-gon.
This evidence supports the conjecture that the regular n-gon minimizes the minimum distance
energy in the class of n-gons. Numerical experiments regarding the minimum distance energy
under the elastic flow were carried out (see [Her08]).
Another, more obvious, discrete version of the Möbius energy was used for numerical experi-
ments (see [KK93]). This energy, defined on the class of arc length parametrisations of polygons
of length L with n segments, is given by
En(p) :=
n∑
i,j=1
i 6=j
(
1
|p(aj)− p(ai)|
2 −
1
d(aj , ai)2
)
d(ai+1, ai)d(aj+1, aj),(2)
where the ai are consecutive points on SL and p(ai) the vertices of the polygon. Also this energy
is scale invariant and it is easily seen to be continuous on the space of nonsingular polygons with
n segments. The relationship between this discrete Möbius energy and the classic Möbius energy
could be established in terms of a Γ-convergence result:
Theorem 6 (Möbius energy is Γ-limit of discrete Möbius energies, [Sch14a]).
For q ∈ [1,∞], ‖·‖ ∈ {‖·‖Lq(S1,Rd), ‖·‖W 1,q(S1,Rd)} and every tame knot class K holds
En
Γ
−→ E on (C1,p(K), ‖·‖) .
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Since we already know that minimizers of E in prime knot classes exist and are smooth,
Theorem 20 implies the convergence of discrete almost minimizers:
Corollary 7 (Convergence of discrete almost minimizers, [Sch14a]).
Let K be a tame prime knot class, pn ∈ Pn(K) with∣∣∣ inf
Pn(K)
En − En(pn)
∣∣∣→ 0 and pn → γ ∈ C(K) in L1(S1,Rd).
Then γ is a minimizer of E in C(K) and limk→∞ En(pn) = E(γ).
The result remains true for subsequences, where the number of edges is allowed to increase by
more than 1 for two consecutive polygons. Since all curves are parametrised by arc length, it is
not hard to find a subsequence of the almost minimizers that converges in C0, but generally this
does not guarantee that the limit curve belongs to the same knot class or is parametrised by arc
length. For polygons inscribed in a C1,1 curve, there is an estimate on the order of convergence:
Proposition 8 (Order of convergence for Möbius energy, [Sch14a]).
Let γ ∈ C1,1(SL,R
d) be parametrised by arc length and c, c > 0. Then for every ε ∈ (0, 1) there
is a constant Cε > 0 such that
|E(γ)− En(pn)| ≤
Cε
n1−ε
for every inscribed polygon pn given by a subdivision bk, k = 1, . . . , n of SL such that
c
n
≤ min
k=1,...,n
|γ(bk+1)− γ(bk)| ≤ max
k=1,...,n
|γ(bk+1)− γ(bk)| ≤
c
n
.
This is in accordance with the data from computer experiments, which suggests that the
order of convergence should be roughly 1 (see [KK93]). If no regularity is assumed, the order of
convergence might not be under control, but still, the energies converge:
Corollary 9 (Convergence of Möbius energies of inscribed polygons, [Sch14a]).
Let γ ∈ C with E(γ) <∞ and pn as in Proposition 8. Then limn→∞ En(pn) = E(γ).
In contrast to the situation for the minimum distance energy, the overall minimizers of the
discrete Möbius energy are known:
Lemma 10 (Regular n-gon is unique minimizer of discrete Möbius energy, [Sch14a]).
The unique minimizer of En in Pn is the regular n-gon.
An immediate consequence is the convergence of overall discrete minimizers to the round circle:
Corollary 11 (Convergence of discrete minimizers to the round circle, [Sch14a]).
Let pn ∈ Pn bounded in L
∞ with En(pn) = infPn En. Then there is a subsequence with pnk → γ
in W 1,∞(S1,R
d), where γ is a round unit circle.
One of the main differences between the discrete Möbius energy (2) and the minimum distance
energy (1) is that bounded minimum distance energy avoids double point singularities, while for
(2) this is only true in the limit. This avoidance of singularities permits to prove the existence
of minimizers of the minimum distance energy (1) via the direct method. This might be harder
or even impossible to achieve for the energy (2). Nevertheless, the relation between the discrete
Möbius energy (2) and the smooth Möbius energy is more clearly visible than for the minimum
distance energy (1), as reflected in Theorem 6 and Corollaries 7-11.
3. Integral Menger Curvature
The integral Menger curvature was first considered by Mel’nikov (see [Mel95]) as a concept of
curvature of a measure that is naturally connected with the Cauchy transform of this measure.
For closed arc length curves γ of length L, the integral Menger curvature is given by
Ms(γ) :=
∫
SL
∫
SL
∫
SL
κs
(
γ(t), γ(u), γ(v)
)
dt dudv,
where s ∈ (0,∞) and κ(x, y, z) is the inverse of the circumradius r(x, y, z) of the three points
x, y and z. The integral Menger curvature for s = 2 played an important role in the solution
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of the Painlevé problem, i.e. to find geometric characterisations of removable sets for bounded
analytic functions, see [Paj02, Dud10, Tol14] for a detailed presentation and references. There
is a remarkable theorem, which states that one-dimensional Borel sets in Rd with finite integral
Menger curvature M2 are 1-rectifiable (see [Lég99]). These results for M2 were later extended
to sets of fractional dimension and metric spaces (see [LM01, Hah08]). As a consequence, this
theorem also ensures that an H1 measurable set E ⊂ Rd with M2(E) < ∞ has approximate
1-tangents at H1 a.e point.
Complementary to this research, where highly irregular sets are permitted, is the investigation
of rectifiable curves with finite Ms energy. These curves have a classic tangent H
1 a.e. to begin
with. It turns out that for s > 3 this guarantees that the curve is simple and that the arc length
parametrisation is of class C1,1−3/p, which can be interpreted as a geometric Morrey-Sobolev
imbedding (see [SSvdM10]). It could be shown that the space of curves with finite Ms for s > 3
is that of Sobolev-Slobodeckij embeddings of class W 2−2/s,s (see [Bla13]) and that polygons have
finite integral Menger curvature Ms exactly for s ∈ (0, 3) (see [Sch11]). Furthermore, results
regarding optimal Hölder regularity could be obtained (see [KS13]). Related energies have been
investigated with regard to their regularizing properties (see [SvdM07, SSvdM09, BR15]).
The movement of quadrilaterals according to their Menger curvature was investigated (see
[JL02]) and computer experiments for the gradient flow of integral Menger curvature were carried
out (see [Her12]). Besides the ad hoc method used there, the only theoretical results regarding
discrete versions of the integral Menger curvature that we are aware of can be found in the thesis
of the author (see [Sch14c]). These results are still subject to ongoing research and are soon to be
extended in an article of the author (see [Sch16]). There, the discrete integral Menger curvature
of a polygon p with consecutive vertices p(ai) = xi is defined by
Ms,n(p) :=
n∑
i,j,k=1
#{i,j,k}=3
κs(xi, xj , xk)
∏
l∈{i,j,k}
|xl − xl−1|+ |xl+1 − xl|
2
if xi 6= xj for i 6= j and Ms,n(p) = ∞ else. It is easily seen, that this energy is continuous
on the space of nonsingular polygons with n segments. As for the Möbius energy, there is a Γ
convergence result:
Theorem 12 (Integral Menger curvature is Γ-limit of discrete energies, [Sch14c]).
For q ∈ [1,∞], ‖·‖ ∈ {‖·‖Lq(S1,Rd), ‖·‖W 1,q(S1,Rd)} and every tame knot class K holds
Ms,n
Γ
−→Ms on (C2,p(K), ‖·‖).
Additionally, it could be shown that the energies of inscribed polygons converge to the energy
of the curve if the number of vertices increases:
Corollary 13 (Convergence of Menger curvatures of inscribed polygons, [Sch14c]).
Let s ∈ (0,∞), γ ∈ C ∩ C2 embedded and pn be inscribed equilateral polygons with n segments.
Then limn→∞Ms,n(pn) =Ms(γ).
4. Thickness
The thickness ∆[γ] of a curve γ was introduced by Gonzalez and Maddocks (see [GM99]) as
∆[γ] := inf
s 6=t6=u 6=s
r
(
γ(s), γ(t), γ(u)
)
and is equivalent to Federer’s reach (see [Fed59]). As in the previous section, r(x, y, z) is the
circumradius of the three points x, y and z. Geometrically, the thickness of a curve gives the
radius of the largest uniform tubular neighbourhood about the curve that does not intersect
itself. The ropelength, which is length divided by thickness, is scale invariant and a knot is
called ideal if it minimizes ropelength in a fixed knot class or, equivalently, minimizes this
energy amongst all curves in this knot class with fixed length. Ideal knots are of great interest,
not only to mathematicians but also to biologists, chemists and physicists, since they exhibit
interesting physical features and resemble the time-averaged shapes of knotted DNA molecules
6 SEBASTIAN SCHOLTES
in solution (see [SKB+96, KBM+96, KOP+97] and [SKK98, Sim02] for an overview of physical
knot theory with applications). The existence of ideal knots in every knot class was settled by
different teams of authors (see [CKS02, GMSvdM02, GdlL03]) and it was found that the unique
absolute minimizer is the round circle. Furthermore, this energy is self-repulsive, meaning that
finite energy prevents the curve from having self intersections. By now it is well-known that
thick curves, or in general manifolds of positive reach, are of class C1,1 and vice versa (see
[Luc57, Fed59, SvdM03, Lyt05, Sch13]). It was shown that ideal links must not be of class
C2 (see [CKS02]) and computer experiments suggest that C1,1 regularity is optimal for knots,
too (see [Sul02]). Further computer experiments were carried out with the software packages
SONO, libbiarc and ridgerunner (see [Pie98, Car10, ACPR11]). A previous conjecture (see
[CKS02, Conjecture 24]) that ropelength minimizers are piecewise analytic seems to be reversed
by numerical results, which indicate that there might be more singularities than previously
expected (see [BPP08, PP14]). Further interesting properties of critical points as well as the
Euler-Lagrange equation were investigated (see [SvdM03, SvdM04, CFKS14]).
Another way to write the thickness of a thick arc length curve is
∆[γ] = min
{
minRad(γ), 2−1 dcsd(γ)
}
(3)
(see [LSDR99, Theorem 1]). The minimal radius of curvature minRad(γ) of γ is the inverse of
the maximal curvature
maxCurv(γ) := ||κ||L∞ and dcsd(γ) := min
(x,y)∈dcrit(γ)
|y − x|
is the doubly critical self distance. The set of doubly critical points dcrit(γ) of a C1 curve γ
consists of all pairs (x, y) where x = γ(t) and y = γ(s) are distinct points on γ so that
〈γ′(t), γ(t) − γ(s)〉 = 〈γ′(s), γ(t)− γ(s)〉 = 0,
i.e. s is critical for u 7→ |γ(t)− γ(u)|2 and t for v 7→ |γ(v) − γ(s)|2.
The discrete thickness ∆n, derived from the representation in (3), was introduced by Rawdon
(see [Raw97]). The curvature of a polygon, localized at a vertex y, is defined by
κd(x, y, z) :=
2 tan(ϕ2 )
|x−y|+|z−y|
2
,
where x and z are the vertices adjacent to y and ϕ = ∡(y − x, z − y) is the exterior angle at y.
We then set
minRad(p) := maxCurv(p)−1 := min
i=1,...,n
κ−1d (xi−1, xi, xi+1)
if the polygon p has the consecutive vertices xi, x0 := xn, xn+1 := x1. The doubly critical self
distance of a polygon p is given as for a smooth curve if we define dcrit(p) to consist of pairs
(x, y) where x = p(t) and y = p(s) and s locally extremizes u 7→ |p(t) − p(u)|2 and t locally
extremizes v 7→ |p(v)− p(s)|2. Now, ∆n is defined analogous to (3) by
∆n[p] = min
{
minRad(p), 2−1 dcsd(p)
}
if all vertices are distinct and ∆n[p] = 0 if two vertices of p coincide. In a series of works
(see [Raw97, Raw98, Raw00, Raw03, MPR08]) alternative representations and properties of the
discrete thickness were established. For example, it was shown that the discrete thickness is
continuous:
Theorem 14 (Discrete thickness is continuous, [Raw97]).
The discrete thickness ∆n is continuous on the space of simple closed polygons with n-segments
with regard to the metric
d(p, q) :=
n∑
k=1
|xi − yi|,
where p and q are polygons with vertices xi and yi.
Another important result is the existence of discrete minimizers:
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Theorem 15 (Existence of discrete minimizers for ∆n, [Raw03]).
For every tame knot class K there is an ideal polygonal knot in Pn(K).
More generally, the result remains true if instead of equilateral polygons one takes the space of
polygons with a uniform bound on longest to shortest segment length. These results were then
used to prove the convergence of ideal polygonal to smooth ideal knots, a result that could later
be improved from C0 convergence to C0,1 convergence
Corollary 16 (Ideal polygonal knots converge to smooth ideal knots, [Raw03, Sch14b]).
Let K be a tame knot class and pn ∈ Pn(K) bounded in L
∞ with |infPn(K) ∆
−1
n −∆n[pn]
−1| → 0.
Then, there is a subsequence
pnk
W 1,∞(S1,R3)
−−−−−−−−→
k→∞
γ ∈ C(K) with ∆−1[γ] = inf
C(K)
∆−1 = lim
k→∞
∆−1nk [pnk ].
The relationship on a functional level is again captured by a Γ-convergence result:
Theorem 17 (Convergence of discrete inverse to smooth inverse thickness, [Sch14b]).
For every tame knot class K holds
∆−1n
Γ
−→ ∆−1 on (C(K), || · ||W 1,∞(S1,R3)).
Similar questions for more general energies were considered (see [DD00, Raw03]). If the knot
class is not fixed, the unique absolute minimizers of ∆−1n is the regular n-gon:
Proposition 18 (Regular n-gon is unique minimizer of ∆−1n , [Sch14b]).
The unique minimizer of ∆−1n in Pn is the regular n-gon.
Appendix A. Postlude in Γ-convergence
In this section, we repeat some relevant facts on Γ-convergence. For more details, we refer
to the books by Dal Maso and Braides (see [Dal93, Bra02]). This notion of convergence for
functionals was introduced by DeGiorgi and is devised in a way, as to allow the convergence of
minimizers and even almost minimizers.
Definition 19 (Γ-convergence).
Let X be a topological space, F ,Fn : X → R := R ∪ {±∞}. Then Fn Γ-converges to F , if
• for every xn → x holds F(x) ≤ lim infn→∞Fn(xn),
• for every x ∈ X there are xn → x with lim supn→∞Fn(xn) ≤ F(x).
The first inequality is usually called lim inf inequality and the second one lim sup inequality.
If the functionals are only defined on subspaces Y and Yn of X and we extend the functionals
by plus infinity on the rest of X, it is enough to show that the lim inf inequality holds for every
xn ∈ Yn, x ∈ X and the lim sup inequality for x ∈ Y and xn ∈ Yn to establish Γ-convergence.
We want to use Γ-convergence to ensure that minimizers of the discrete functional Fn converge
to minimizers of the “smooth” functional F .
Theorem 20 (Convergence of minimizers, [Dal93, Corollary 7.17, p.78]).
Let Fn,F : X → R with Fn
Γ
→ F . Let εn > 0, εn → 0 and xn ∈ X with | inf Fn −Fn(xn)| ≤ εn.
If xnk → x, then
F(x) = inf F = lim
k→∞
Fn(xnk).
Note, that the previous theorem does not imply convergence of a subsequence, but instead
assumes that we already have such a sequence to begin with. This fact is often taken care of by
an accompanying compactness result.
We prove that the integral Menger curvature converges to the inverse thickness, to acquaint
the reader with a particularly simple case of such a convergence theorem:
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Lemma 21 (Convergence of integral Menger curvature to inverse thickness).
The integral Menger curvature converges to inverse thickness
M
1
s
s
Γ
−→ ∆−1 on (C(K), ‖·‖L∞).
Let K be a tame knot class and let s ∈ (3,∞). Then, there are minimizers γs of Ms in C(K).
Moreover, we have that
inf
C(K)
M1/ss −−−→s→∞
inf
C(K)
∆−1
and, after translating the minimizers if necessary, there is subsequence such that
γsk
C1
−−−→
k→∞
γ ∈ C(K),
where γ is an ideal knot, i.e.
∆[γ]−1 = inf
C(K)
∆−1.
Proof. Using the Hölder inequality, it is easy to see the monotonically increasing convergence
M
1
s
s (γ) = ‖κ(γ, γ, γ)‖Ls([0,1]3) −−−→s→∞
‖κ(γ, γ, γ)‖L∞([0,1]3) = ∆[γ]
−1.
An application of Fatou’s Theorem shows that the functionals are lower semi-continuous with
regard to uniform convergence. Hence, we immediately have Γ convergence (see [Bra02, Remark
1.40 (ii), p.35]). For s > 3, curves of finite energy are of class C1 (see [SSvdM10]), so that we
can restrict to this topology. Minimizers of the energies are known to exist and the monotonicity
from above gives a uniform bound on, say, M4(γs). These facts together with the L
∞ bound
imply C1 subconvergence to a simple arc length curve of the same length which belongs to the
same knot class (see [SSvdM10]). Now, the result is a consequence of Theorem 20. 
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